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Abstract 

We study the system of the Dp'-brane with Dp-brane (p < p') inside, in the case 
where Bij field is a nonvanishing constant. In order to understand how the Dp-brane 
is viewed from the Dp'-brane worldvolume theory, we investigate the process in which 
the Dp-brane is probed with p'-p' open string. We calculate the scattering amplitudes 
among p-p' open strings and p'-p' open strings and show that not only the Weyl trans- 
form of the projection operator onto the ground state but also those onto higher excited 
states emerge as multiplicative factors of the amplitudes. 
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1 Introduction 



String theory with a constant NS-NS two-form B field background has several interesting 
features [Q @ @ . Among others, it has been found out that when D-branes accompany this 
system the worldvolume of the D-branes becomes noncommutative (§] [@] ■ 

In this paper we study the p-p' system: the system of a Dp'-brane into which a Dp-brane 
(p < p') is embedded, with a constant B field background. We would like to approach this 
system in terms of perturbative string theory. Several aspects of the p-p 1 system have been 
analyzed in the framework of string theory || |L0| |11||12|. In the present paper, along the line 
of the analysis of [JT3| , we investigate how the lower dimensional D-brane (i.e. Dp-brane) is 
viewed from the higher dimensional D-brane (i.e. Dp'-brane). For this purpose, we examine 
the process in which the Dp-brane is probed with p'-p' open strings. In the perturbative 
string theory, D-branes couple to the strings through the open strings attaching on them. 
Among the open strings ending on the Dp-brane, the p-p 1 open string directly couples to the 
p'-p' open string. Therefore the consideration of the process probing the Dp-brane with the 
p'-p' string leads us to evaluate scattering amplitudes among p-p' open strings and p'-p' open 
strings. 

In refs. |13| and |L4|, from the evaluation of the iV-point scattering amplitudes consisting 
of two ground state vertex operators of the p-p' open string and (N — 2) gauge field vertex 
operators of the p'-p' open string, it has been concluded that in the zero slope limit the 
form factor of the Dp-brane becomes precisely the Weyl transform of the projection operator 
|0)(0|, which is a classical solution obtained by |j| in the noncommutative field theory. This 
fact suggests that the Dp-brane within the noncommutative Dp'-brane should be described 
as the noncommutative soliton. Consistent results with this observation have been obtained 
from the analyses in terms of field theory [|T6| |17| [18| |19|] [^] ||2T| . Such coincidence leads 
us to the question whether it is possible to read from the string scattering amplitudes the 
projection operators |m)(m| (m = 1, 2, . . .) besides that onto the harmonic oscillator ground 
state |0)(0|. 

One of the remarkable properties of the p-p' system with B field is that there remains 
a large number of light states in an appropriate zero-slope limit in the spectrum of p-p' 
open string H f22|| . These states are generated by multiplying the "almost-zero- modes" . It 
is natural to expect that this tower of light states should play a role in the description of 
the Dp-brane within Dp'-brane as noncommutative solitons both in low energy field theory 
and in string theory. In order to understand the roles played by such a large number of 
light states, in this paper we compute three point scattering amplitudes which consist of 
one vertex operator of the p'-p' open string and two vertex operators of the p-p' open string 
corresponding to the states excited by some almost-zero-modes from the ground state. From 
the momentum dependent multiplicative factors in these amplitudes, we would like to read 
information as to the Dp-brane on the noncommutative Dp'-brane worldvolume. 

This paper is organized as follows. In the next section, we briefly review the worldsheet 
properties of the p-p' open string. In section |3], we examine the vertex operators of the p-p' 
open string corresponding to the states excited by the almost-zero- modes and calculate the 
three point scattering amplitudes among two such vertex operators of the p-p' open string 
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and one vertex operator of the p'-p' open string. In this section we concentrate on bosonic 
string theory. For the p'-p' string vertex operators, we prepare the tachyon vertex operator in 
section |37| and the noncommutative gauge field vertex operator in section j3T3[ We find that 
Weyl transforms of projection operators emerge as multiplicative factors in the scattering 
amplitudes. In section f|, we extend the analysis into superstring theory. The final section 
is devoted to summary and discussions. In appendix ^ we present formulae of the Weyl 
ordering prescription. In appendices [B], |C| and |D|, some details of the calculation of the 
amplitudes are given. 



2 Two Point Functions and Renormal Ordering 

In order to fix the notation, in this section we review some basic properties of the p-p' system 
with a constant B field. In this paper we consider the situation where p < p' and both of p 
and p' are even integers. 

The setup of the system is the same as that in [[y|, i.e. a Dp-brane extends in the 



^-directions and a Dp'-brane extends in the v -directions. The space- 



time is flat with the metric 
/ -1 



9fii> 




9kl 



e8 kl (k,l = l,...,p') • (2.1) 



We bring B 



into a canonical form 
/ 



B 



2na' 




[2.2) 



M, 



z, z 



In what follows, we will write the string supercoordinates along the Dp'-brane as X 
(X^(z,z),X m (z,z)) (M = 0,1,..., p'), where fi{= 0,1,..., p) and m(= p + 1, . . . ,p') denote 
the directions parallel and perpendicular to the Dp-brane respectively. In terms of component 
fields the superfields X M (z,z) are expressed as 



X 



- ,f 'z,z) = J-X M (z,z)+ie^ 
" a' 



{z)+i64, M {z) 



(2.3) 
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The string coordinates X M (z, z) of the p'-p' open string and X M (z, z) of the p-p' open string 
obey the mixed boundary conditions at the both ends. These coordinates are expanded in an 
integral power series of z and z [[J |f7| ||13|| . The two-point functions of these string coordinates 
3j [|nj [§ . When computed on the negative real axis, this becomes || [|13j 



are given in [TJ 



G^(_ e n j01 | - e ^,0 2 ) = G^(z 1 ,z 1 |z 2 ,z 2 ; 



(0|?eX' 1 (z 1 ,z 1 )X I '(z 2) z 2 )|0} 



-2G"" ln(e T(1) - e r(2) + 0«^ 2 )) 2 - -^e(r« - r< 2 >) 

a' 



(2.4) 



where 7?- stands for the radial ordering, and 9^ are the inverse of the open string metric 
G^y and the noncommutativity parameter defined in || respectively, and e(x) denotes the 
sign function. 

The string coordinates X m (z, z) of p-p' open string obey the Dirichlet boundary condition 
at the a = end attaching on the Dp-brane and obey the mixed boundary condition at the 
a = it end attaching on the Dp'-brane. These coordinates are expanded in a non-integral 
power series of z and z |8f ||13|| . In the following we will concentrate on the case where 
p' = p + 2. Since we have brought the background Bmn into the canonical form (|2.2j), 
we can readily generalize the following analysis into more generic p' cases. We complexify 
X m (z,z) = (XP +1 (z,z),Xf +2 (z,z)) as 



Zfz, z) 



Z(z, z) 



X p+1 (z,z) +zX p+2 (z,z) 



7 Z(z,z) +i9$(z) +i6V(z) , 



X 



p+i/ 



— Z(z,z) +i6^{z) +i6^{z) 



(2.5) 



The mode expansions of these complex fields are 

Z(z,z) 



Z(z, z 

where v is defined M by 



-(n-i/)^ 



2 ^— ' m + i/ 

mez 

-(»•-»>)-£ 



, (m+!/) _ — -(m+f) \ 



reZ+1/2 

sez+1/2 



rGZ+l/2 

sez+1/2 



)-§ 



[2.6) 



l + ib 



(p+2)/2 



1 - ib {p+2 )/2 



< i/ < 1 . 



The modes satisfy the commutation relations 
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(2.1 



The fact that the string coordinates Z(z,z) and Z(z,z) are expanded by a non-integral 
power series of z and z implies that a twist field a + (z,z) and an anti-twist field a~(z,z), 
both of which are mutually non-local with respect to Z and Z, locate at the origin and at the 
infinity on the complex plane respectively and generate a branch-cut between themselves. 
For the fermionic coordinates the situation is the same. The mutually non-local fields in the 
fermionic sector are a spin field s + (z,z) and an anti-spin field s~(z,z). The (anti-) twist 
and the (anti-) spin fields serve as boundary condition changing operators 110| . The fields 
a + and s + create the incoming oscillator vacuum \cr, s) and the fields a~ and s~ create the 



outgoing vacuum (a, s\ [13|. The two-point function of Z and Z evaluated on these vacua 
are obtained in [|lj|. On the negative real axis, i.e. on the D(p + 2)-brane worldvolume, it 
takes the form 11X31 of 



jZZ, 



Zi,Zi|Z 2 ,Z 2/ 



e(l + b 2 ) 



®(ti-t 2 )F 1 



e T1 



(a, s\1ZZ(zi, Zi)Z(z 2 , z 2 )|er, s) 



+ e(T 2 -T 1 )F(v 



- e T a +iTT 



e T2 - 6>i6> 2 



[2.9) 



where Q(x) is the step function and T{y \ z) is defined by using the hypergeometric function 
F(a, b; c; z) as 



T{v\ z) 



-F(l,u: l + u:z) 



v 



y -^—z n+v . 

n + v 



n=0 



(2.10) 



In this way, this system has two types of vacuum for the string coordinates Z and Z; 
the one is the SX(2,R) invariant vacuum |0) and the other is the oscillator vacuum \a, s). 
This implies that we can define two types of normal ordering associated with the vacua |0) 
and \u,s) respectively. We denote the normal ordering associated with |0) by : : and that 
associated with \a, s) by § °. The relation between these normal orderings is described by 
the renormal ordering formula ||13||: 



: O : = exp 



d 2 Zl d 2 z 2 g zz 
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subl Z l> Z l| Z 2,Z 2y 



5Z(zi, zi) <5Z(z 2 , z 2 ) 
e z ^(z 1 ,z 1 |z 2 ,z 2 ) - G z ^(z 1 ,z 1 |z 2 ,z 2 ) 



O 



(2.11) 



where O is an arbitrary functional of Z and Z and G zz (zi, zi|z 2 , z 2 ) is complexification of 
G m "(z 1 ,z 1 |z 2 ,z 2 ): 

G^z^Zilza,^) =G p+1 ' p+1 (z 1 ,z 1 |z 2 ,z 2 ) + G p+2 ' p+2 (z 1 ,z 1 |z 2 ,z 2 ) 

-zG p+1 ' p+2 ( Zl , zi|z 2 ,z 2 ) - zG^+^z^zxIz,, z 2 ) . (2.12) 

We will take the zero-slope limit proposed by Seiberg and Witten M in which a' is sent 
to zero with the open string metric Gmn and the noncommutativity parameter 6 MN kept 
finite. This implies that 



a 



-1/2 



9mn 





~ E -> 
V2 _^ 



oo (/=l,...,(p + 2)/2) 



(2.13) 
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In this limit, whether bi goes to +00 or —00 just depends on the convention. In what follows, 
we will send 6( p +2)/2 to +00 in the zero-slope limit. Thus in the zero-slope limit we have 

qp+ip+2 = 2wa'b (p+2)/2 ^ q 



e(l+ (^( P +2)/2) 2 ) 



1 e i/2 _> . (2.14) 



7T^(p+2)/2 

3 Three Point Amplitudes and Multiplicative Factors 
in Bosonic String Theory 

We will calculate three point amplitudes which consist of two vertex operators of the p-(p+2) 
open string and one vertex operator of the (p+2)-(p+2) open string. As we mentioned in the 
introduction, in this section we restrict ourselves to bosonic string theory. The computations 
in this section will help us to extend these investigations into the superstring case in the 
next section. 

The open string vertex operators should be inserted at the boundary of the worldsheet, 
namely the real axis of the complex upper half plane (z-plane). We insert at £ = Re(z) = £W 
and at £ = ^ 3 \> the vertex operators of the p-{jp + 2) open string which contain the 
anti-twist field a~ and twist field a + respectively. Since the (anti-) twist field serves as 
the boundary condition changing operator, the interval of the worldsheet boundary between 
them, £ G [6 , is interpreted to be on the D(p + 2)-brane and the remaining part be 
on the Dp-brane P| [|10| . Thus the location £ < - 2 - ) of the vertex operator of the (p + 2)-(p + 2) 
open string should be ^ G 

3.1 Vertex operators of p-(p+ 2) open string 

In the zero-slope limit fl2.13|) , there exist almost- zero-modes a-i+ u and ol\- v in the bosonic 
sector of the p-(p + 2) open string. In the superstring case, these modes generate a tower 



of light states which survives the zero slope limit [p[p2|. This implies that in the low 
energy physics Dp-brane is perturbatively seen as a collection of such a large number of light 
states. This fact gives the possibility that we grasp some nontrivial D-brane physics in the 
perturbative analysis even after taking the zero-slope limit. 

We consider the vertex operators Vn + \C,', and Vm \& k^) of the p-(p + 2) open string 
which correspond to the states excited by almost-zero-modes from the oscillator vacuum \o~): 

VW(£; fc„) =: exp (i^X») (£) : , 

VH(£; k,) =: exp (ik^) (£) : V^(0 , (3.1) 

where K (+) (0 and are the contributions from the string coordinates Z and Z defined 

by 

hmV^\O\0) = (a^ +u r\a) (n = 0,l,2...) , 
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lime afc <0|yH(O = ^l(«i-0 ,n (m = 0,1,2,...) . (3.2) 
Here h is the conformal weight of the operator V m ~ (£), 

fc = (m + ~) (l-i/) . (3.3) 

We note that the momentum k^ carried by Vm (£>&/J is a (p + 1) vector along the Dp- 
brane worldvolume. Taking the relation (ai- u Y = a~i+ u into account, one finds that the 
definition ( |3.2|) means that the space-time field $ m ^ corresponding to the vertex operator 
V m \& hp) is hermitian conjugate to the field $ m corresponding to Vm (6; ^) : ^ = ^m- 
The physical state conditions for Vm (£; and Vm require the on-shell condition 

a'm 2 = -a'G^k^K = (m + |)(1 - 1/) - 1 for the field 

3.2 Probe with tachyon field 

In this subsection we examine the process probing the Dp-brane with the tachyon field excited 
from the (p + 2)-(p + 2) open string. The vertex operator of the tachyon is 

V*(£; k M ) =: exp (i J] fc M X Af J (0 :=: exp ( z £ fe^] (0 : U , (3.4) 

V M=0 / \ |i=0 / 

where V^(£; fc m ) is the contribution from the fields Z and Z: 

k m ) =■ exp [i (kZ + kZ)] (£) : , 
with k = - (fep+i - ifcp+ 2 ) , « = - (A; p+1 + ik p+2 ) . (3.5) 

Note that the momenta carried by the vertex operators of the (p + 2)-(p + 2) open string 
are (p + 2) + 1 dimensional vectors in the space-time while those carried by the p-(p + 2) 
open string are p + 1 dimensional ones. The physical state conditions for the vertex operator 
V^; k M ) require that the on-shell condition a'm 2 = —a'k M k^G MN = —1 should hold. 
We would like to calculate the three point disc amplitude 



a tachyon 



l 3 



, / jS?!?i) w>i "' 1{W! ' 8 ' 1 v *(« (2, ^«) 10) 



(3.6) 

where c is an overall constant which we are not interested in, and d 3 F ^) denotes 
the volume element of the isometry SL(2, M) gauge group generated by the conformal Killing 
vectors on the worldsheet: 

^ ^ (£(1) _£(2))(£(2) _£(3))(£(3) _£(!)) ' 1 ^ 
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This amplitude measures the process where the field <3> n propagating along the Dp-brane with 
momentum k^ prepared at the initial state is scattered by the tachyon on the D(p + 2)- 
brane and then at the final state the field $ m is observed moving along the Dp-brane with 



momentum —k^\ 



Through the computations presented in appendix 0, we obtain 



J^ = cl[6{kW+kP+kW)e*p 



X 



V m! n! 



2(1-1/) 



m+n 
2 



]c<d<3 
X nm ( & (p+2)/2, &™ ) , 



(3.8) 



where the momentum dependent factor X nm (6( p+ 2)/2, km ) is defined as 



T 



^ (iRPV^y n expC(u; k^)L^\2En^) (m > n 




(3.9) 



IK 



with 



2d 



m < n 



:(l-u)(l + (b (p+2)/2 y) 



(3.10) 



In eq.(|3.9|), L^(x) denotes the Laguerre polynomial 



C(w,k m ) is defined as 



x a e x d n 



n! dx 



- = £(-1)' 



z=o 



C(i/; fc w ) = 2a' <j 7 + - ty)(y) + ^(1 - v)) \ G kk 



n + a \ x l 
n-l J 



(3.11) 



(3.12) 



7 : Euler constant , ip{v) '■ digamma function , 

and G zz is the open string metric in the complex notation in the x p+1 , x p+2 directions: 

2 



qZZ _ Qp+ip+i _|_ qp+2 P +2 _ 2iG p+lp+2 



1 + (b(p+2)/2)' 



(3.13) 



Here we make some comments on the momentum dependent multiplicative factor X nm . 
The gaussian damping factor expC(z/; k m '){= X o) included in all of the multiplicative factors 
X nm comes from the scattering process in which the almost-zero modes do not participate. 
This factor takes the same form as what is obtained in the superstring case The every 
other piece in X nm is the contribution from the almost-zero-modes. This originates from 
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Let us take the zero-slope limit ( |2.13| ). In this limit, C(u;k 
@0 and S -> \6P +lp+2 \. This tells us that 



(2h 



.1^+^+2^(2)^(2) 



^ (V2|^ +lp+2 |« (2) ) m " e-l^ 1 '*'!"^^ ) (2|^ 1 ^ 2 |K«Jg< a )) (m > n) 




^- ( V2|# p+1p+2 |k (2) 



m e -r^VWiM (2|0 p+1p+2 |k (2) k (2) ) (m < n) 

(3.14) 

This is precisely the Weyl transform f nm _(k m ) of the operator |n)(m| on the noncommutative 
M 2 space obtained in eq.( |A.13j ). Consequently the momentum dependent multiplicative 
factor X nm which we read off from the amplitude for the process probing the Dp-brane with 
the tachyon field becomes the Weyl transform of the operator |n)(m| in the zero-slope limit. 
In the case of m = n in particular, this becomes the projection operator |m)(m|. This is 
what we wanted. 



3.3 Probe with gauge field 

In this subsection we would like to probe the Dp-brane with the gauge field excited from the 
p'-p' open string. The vertex operator of the gauge field is 

Va(£; k M - Cm) = i : ( M {k)X M (0 ex V (ik N X N )(0 : , (3.15) 

. The physical state conditions for this vertex operator 



where X M (£) = (d+d) X M (z. : i 



I z=z=£ 



require the on-shell condition a'm 2 = —a'G MN kuk^ = and the polarization condition 
G MN k M ( N = 0. 

Let us compute the three point disc amplitude 



^jgaugc 



c ' cPF(ffl w ew) (Q|V - VA(e(2); k<S] Cm) e)(e(3); ^ 3))|Q) • (3 ' 16) 



Following the calculation given in appendix [C], we find that 

p 



^gauge 



cW^ + kf + kf) J] -p l -e^kfkfe{r^-r^) 

[i=0 l<c<d<3 



2(l-z/) 



m -j- ii 



V m! n! a' /C r 



(3.17) 



where /C nm is defined for the m > n case as 



K 



n<m 




exp 



_(jfe(3) _ fcW)^ C + (21/ " l)G ZZ (K {2 h - K'-( 



<>)„)} 

4 m - n ) (2H K ( 2 )^ 2 )) 



x ^V / 25k (2) 



, 1 — V i / / , 9 \N m-n-l 

-ifm - n) eV2H iV2Z7t {2) 



(3.18) 
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and for the m < n case as 



K 



n>m 




expC(>; fc£>) 



.(jfeO) _ fc (D) ( . )C + ( 2l/ _ l)G z z («< 2) e - «< 2 >e)} 
x (iV2EK^y~ m L^ (2E«< 2 >«< 2 >) 



+i(n - m)^— ^eV2H f /\/2E/, , 2 ) 



o:' 



n— m— 1 



.(3.19) 



Here the symbol denotes the inner product of the p + 1 dimensional vectors along the 
Dp-brane worldvolume with respect to the open string metric: ^ • .B = G^A^Bx, and e 

and e are the polarization tensors Cp+i(^m) an d Cp+2(^m) in the complex notation defined 

as 



1 1 

e ( k At) = ^ (Cp+i(^m) - < p +2<>m)) , e(fc A /) = - ((p+i(kM) + i( P +2(k M )) 



By using the formula for the Laguerre polynomial 

r 03) M = V r ( n ~ k + ^- Q ) 

n 1 j 2-r(n-k + i)r(/?-a) 



(3.20) 



(3.21) 



we can recast the factor /C nm as 



K 



n<m 



.(jfcP) _ jfcM ) {r) C + (a, - 1 )G zz (K« 2) e - E< 2 >e) } Z„ 



m — n — 1 + k)! 



k=0 



1 — v _ I — / n! 

— i(m — n) ev2ny — : 

a' V m! 



E 

k=0 



k! 



J, 



k m— n— 1+k > 



(3.22) 



and 



n>m 



.(jfe(3) _ fc (D) C + (2p - l)G zz (/^e - T^e)} l n 



-2G zz (^e-K^e) 
A-v 




iu! ! / (n — m + k)! 



11! 

Hi! 



-i n — m 



-eV2S- 
a' V n! 




E 

k=0 
m 

E 

k=0 



k! 



J, 



n— m+k k 



^n — m — 1 + k)! 



k! 



X, 



n— m— 1+k k 



(3.23) 



where X nm is the momentum dependent factor defined in eq. (|3~§|) and Ylk=o means zero if 
n = 0. 
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The first line in each of eqs.( |3.22"D and ( |3.23p has a similar feature to the scattering 



amplitude ^4* ach y° n j n the sense that it can be obtained from the amplitude of the m = n = 

(2) (2) 

case by replacing the gaussian damping factor exjpC(f,k m ) with X nm (6( p+2 )/2, k m ). The 
second and the third lines in each of eqs. fl3.22f ) and (|3.23| ) originate in the interactions 



between the almost-zero-modes and the gauge field on D(p + 2)-brane worldvolume. 
In the case of m = n, /C mm has a simple form: 

JC mm = l-(k^ - jfcW) ( - } C + (2i/ - l)G zz {^h-K^e)) X 



m-l 



+2G zz (^ 2 h- K^e) ^X kk . (3.24) 



k=0 



In the zero slope limit, the multiplicative factors X mm and Xlk^o 1 -^kk m this equation become 
projection operators |m)(m| and Y^k=a respectively. These are what we desired to 



obtain. 



4 Three Point Amplitudes and Multiplicative Factors 
in Superstring Theory 

In this section we extend the analyses in the last section into the superstring case. We study 
the process in which the Dp-brane is probed with the noncommutative gauge field on the 
D(p + 2)-brane worldvolume. 



4.1 Vertex operators of light states of p-(p+ 2) open string 

We would like to obtain the physical state of the p-(p + 2) open string which is excited by 
almost-zero-modes a-\ +u and survives the zero-slope limit Q2.13|) . Let us consider the state 

Uh^^O^kx) ® (a_ 1+ „rb_ l+u \cr,s) , (4.1) 

2 2 

where is the polarization tensor of this state and |0; k\) is the momentum eigenstate in 
the x ,. . . ,x p directions. In the above we have divided the state into two pieces; the former 
comes from the string coordinates X M and the latter from Z and Z. We impose on this state 
the conditions 

am 2 = -a'G»%h = U + \j (1 - v) , G»%( x = . (4.2) 

We find that, owing to these conditions, the state (|4.1| ) satisfies the physical state conditions 
in the (— l)-picture. The on-shell condition in eq.( [4.2| ) implies that this state remains light 
in the zero-slope limit (|2.13|) . The state (|4.1| ) is therefore what we wanted. 
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We denote the vertex operators whose lower component fields correspond to the state 
(|4.1|) and its conjugate state by 

0; k,- Q = U^- l \i- k„ Q + 9U^\i- k,- Q , 
Ui-\Z,9;k„Q =Ut>- 1) (Z;k, 1 Q + 9Ujr>°\Z;k„Q , (4.3) 

respectively. The lower component fields Ua (£; k^; take the forms of 

af' -1 ^; K\ Q = ■ \Ukx) (V + r) exp {ik p X<>) (0 : U^~ l \i) , (4.4) 

where U^ 1 ' are the contributions from the fields Z and Z defined by 

VmUp'-Qte) |0) = {a^ l+u Yb_ k+u \a,s) , 

lim e h (0\ Ut'- 1 ^) = (*, s\ (at-vTb, , (4.5) 
and ft is the conformal weight of U^' (£): ft = (n + |) (1 — ^). 
4.2 Three point amplitude 

In superstring theory the gauge field emission vertex operator on the D(p + 2)-brane world- 
volume is 

Y A ^,9; h M \ Cm) = : '-Cm {k)± M exp 

where X M (£, 9) = (D + D)X A/ (z, z) \ z= _ = ^ e= - e and D = ^ + and D = ^ + 0j| are the 
superspace covariant derivatives. The physical state conditions for this vertex operator is 
the same as those in the bosonic string case. 
We evaluate the three point disc amplitude 

As=c [ nk^g (0| c co) Vyt(e (2 )> g00 . cg) 

,/ VSCKV 

xUi+)(^ ) ^;f;(f)|0) ) (4.7) 

where Vsckv stands for the gauge volume of the graded SL(2, R) group generated by the 
superconformal Killing vectors on the super worldsheet. To fix the odd elements of the gauge 
degrees of freedom, we set 9^ = 9^ = 0. This gauge choice amounts to factoring out the 
following volume element from the integration in eq. (|4.7Q : 

d 3 F(^\ e (2) , e {3) ) d9^d9^ (£« - e {3) ) • (4.8) 

Thus the three point amplitude Q4.7|) turns out to be 

J d»w < | z^-'-^C^; Ci x) ) v x (e (2) , f (a) ; CS } ) z^+^He^; *i s> ; |o> - (4.9) 

n 



k„X N 



(4.6) 



As a result of the calculation presented in appendix [D], we find that the amplitude .A3 
becomes 



fi=0 



Kc<d<3 



X 



V m!n! 



2(1 -u) 



m+n 1 

~ 2 R KA 

IV 2" nm ' 



(4.10) 



where the factor A^nm is defined for the m > n case as 



M 



n<m 



^ ex P C(,; 4 2) ) [ - 2 ( - } C (1) )(C (2) (p) C (3) ) + (A: (1) ( - } C (3) )(C (1) (p) C (2) )} 



( ? v / 2S^) m_n 4 m - n ) (2~/^ 2 )) 



(p) 



(iV^EK^y "iM (2~/^ 2 )) 



+2G ZZ (^ 2 ¥ 2 > - 7c( 2 >e< 2 >) (zv^^ 2 ) 
-1 -1/ 



L ( m -„+l) ( 2Hft .(2)-(2)) 



n)V2H^ 2 ) (i^ 2 ))^ 1 Lj— > (2S 
and for the m < n case as 
M n > m = \ /^-expC(z/; 



-z m 



=k< 2 >k< 2 > 



(4.11) 



{(^ ( \ ) C (1) )(C (2) (p) C (3) ) + (^ 1) (p) C (3) )(C ( \ ) C (2) )} 



(p) 



+2G zz (k^ -T^V 2 )) UVzEk 



+i(n - m V2S e (2) iV2S/« {2) 

a' V 



L (n : m+1) ( 2Hft .(2)-(2)) 

L(„ n - m) (2H^ 2 )) 



(2) 



(4.12) 



Comparing the above equations with eqs. fl3.18Q and (|3.19|) , we find that the factor A4 nm 
consists of terms which quite resemble /C nm . We can therefore rewrite the above equations 
into the form involving the factors X nm as we carried out in eqs. (|3.22 ) and ( 3.23| ). Here we 
focus on jM mm in particular: 



M mm = -2 {(^ (2) (p) C (1) )(C (2) (p) C (3) ) + (* ( V (3) )(c (1) (p) 
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+ ^ ( V (1) ){ (-( fc(3) - fc( %C (2) + G Z V 2) e (2) - ^e( 2 )))j mm 

m— 1 

+2G z ^(k( 2 ¥ 2 ) -K®e®) ]T J kk } . (4.13) 

k=0 

From this equation, we find that in the case of m = n the amplitude involves the multiplica- 
tive factors X mm and Ylk=o^-^ which become projection operators |m)(m| and Ylk=o |k)(k| 
respectively in the zero-slope limit. These are what we desired. 



5 Conclusion and Discussions 

In this paper we have calculated three point scattering amplitudes for processes probing the 
Dp-brane with the p'-p' open string in the p-p' system with B field. We carried out the 
calculation in bosonic string theory and in superstring theory. We have focused on processes 
in which the almost-zero-modes of the p-p' open string are involved. Following ref. we 
have read off momentum dependent multiplicative factors from three point disc amplitudes 
for such processes. We have showed that in the case of m = n these multiplicative factors 
take such forms that become Weyl transforms of projection operators in the zero-slope limit. 

We think that this result provides further evidence for the observation that the tower of 
the light states surviving the zero slope limit [|3] |[22|| play a role to realize the D-branes as 
noncommutative solitons on the higher dimensional noncommutative D-brane worldvolume. 

The fact that many light states survive the zero-slope limit is a particular result of a 
nonvanishing B field background. Thus it is expected that the tower of light states cause 
the behavior of D-branes within a noncommutative D-brane to look quite different from that 
within a commutative D-brane. The roles played by the tower of the light states in this 
system seem to need more investigation and clarification. As well as the perturbative string 
analysis, the field theoretical analysis is expected to be important and useful in some aspect 
of this problem. 
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A Weyl Correspondence 

There is a one-to-one correspondence, referred to as the Weyl correspondence, between a 
function on the commutative M 2 space and an operator on noncommutative M 2 space (see 
e.g. fT5fl[pl][| ). m order to fix the notation, we would like to give some formulae of Weyl 
ordering prescription. 



13 



Let us consider the noncommutative M 2 space characterized byQ 

-id 12 , f 61. 



\x\x 2 ] 



(A.l) 



This allows us to regard the noncommutative M 2 space as the single particle Hilbert space 
7i of quantum mechanics. Given a function /(x^x 2 ) on the commutative R 2 space, we 
uniquely determine a corresponding operator Oflx 1 ,^ 2 ) on the noncommutative R 2 space 
by the Weyl ordering prescription: 

dkxdk 2 - 



O f (x\x 2 ^ 



■v(k 1 ,k 2 )f(h,k 2 ) 



(2tt) 2 

V(kx, k 2 ) = exp \—i (kix 1 + k 2 x 2 )~\ 
where f(k\, k 2 ) is the Fourier transform of the function f(x l ,x 2 ): 



f(ki, k 2 ) = I dx dx e 



(A.2) 



(A.3) 



Or equivalently, 



o f (x\r) = / icWA(iy)/(iy) 



dk\dk 2 



A(x\x 2 

The inverse transformation of eq. (|A.4j ) is 

f(x\x 2 ) : 



exp [— ik\(x — x 1 ) — ik 2 (x 2 — x 2 )] 



(A.4) 



\d 12 \ 

\e l2 \ 



dko e~ ik2x2 1 - 1 



x 



dk\ e 



q!2 

— k 2 
2 

1T*1 



d f (x\x 2 ) 



X 



nl2 
1 ' —h 

2 

012 



X 



-ki 



(A.5) 



where \x l ) and \x 2 ) are the eigenstates of the operators x 1 and x 2 respectively: x^x 1 ) = 
x^x 1 ), x 2 |x 2 ) = x 2 |x 2 ), normalized as (x'^x 1 ) = 5(x n — x 1 ) and (x /2 |x 2 ) = S(x' 2 — x 2 ). This 
can be proved by using the relations 



A(x\x 2 ) 



dk 



2tt 
dki 
27 



2 ^ik2X 2 



12 



X 



IT 

012 



1 P\ 

x H k 2 

2 



x H fci ) ( x fci 
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(A.6) 



It is well-known that this correspondence relation maps the product of the operators into 
the *-product of the functions: OfO g = Of* g , where 

/ * g(x\ x 2 ) = fix 1 , x 2 )e- iemn °™° n g(x\ x 2 ) . (A.7) 

1 The coordinates x 1 and x 2 in this appendix correspond to x p+1 and x p+2 in the main part of this paper 
respectively. The minus sign on the r.h.s. in eq.(A.l) is necessary because we consider the a = it end of the 
string [[| (i.e. the negative real axis on the z-plane of the worldsheet). This is just a convention. 
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The formula 



Tr 



H 



u 1 ,u 2 )V(k 1 ,k 2 ) 



2tt 

I/Q12 I 



5(u ± - /ci)5(m 2 - k 2 ) 



and eq. (|A.2j) yield 



f{h, h) = 2k\9 12 \ Ti n (V\h, k 2 )O f {x\ 



x 



(A. 



(A.9) 



Let us define the creation operator a) and the annihilation operator a. We consider the 
case in which 8 12 < and [x 1 , x 2 } = i\6 12 \. This is the situation analyzed in the main part 
of this paper (see eg . (|2 . 1 4|) ) . In this case we define a and a) as 



x 1 + ix 2 



x — ix 



'2\e 



121 



f 2\e 



121 



(A.10) 



Let fnm(x , x ) be the Weyl transform of the operator |n)(m| (m, n = 0, 1,2, . . .), where 



|m) are the harmonic oscillator eigenstates: |m) = K= |0). From eq.( |A.9| ) one can find that 



the Fourier transform / n m(^i, k 2 ) of the function / nm (^ 1 , x 2 ) takes the form of 

fnUh,k 2 ) = 2n\9 12 \ Tr H (v\k 1 ,k 2 )\n)(m\)=2n\9 12 \(m\V\k u k 2 )\n) . (All) 



(A.12) 



We can rewrite the operator V\k\, k 2 ) as 

VUk u k 2 ) = e 1 ^ 2 ^^^) = e-l^l^e^v 7 ^^ e i \[W r \ 
where n = \(k\ — ik 2 ) and k = \(k\ + ik 2 ). This yields 
inm(^i, k 2 ) 




27i\e 12 \\i— - u, 

m! 



kk ) (m > n) 




(A.13) 



2t|0 12 |a/^ [ix/W^KY "\~\ e ^L { £- rD) (2\d l2 \KK\ (ni < n) 



where is the Laguerre polynomial ( |3.11| ). 

B Calculation of ^ achyon 

In this appendix we give some details in the calculation of eq. ( |3.8| ). 

2 For the case where 9 12 > 0, we should exchange the space indices 1 and 2 in the subsequent equations. 
For example, a and would be defined as a = x +lx ^ = x ~ %x . 
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The location £( 2 ) of the tachyon vertex operator is restricted to the interval G 
as explained. Using the SX(2,R) gauge degrees of freedom on the worldsheet, 
we choose £W = — oo and £^ = 0, so that the negative real axis becomes the worldsheet 
boundary attaching on the D(p + 2)-brane. The correlation function in the integrand on the 
r.h.s. in eq.( |3.6|) is factorized into two pieces; the one is the contribution from X°, . . . ,X P 
and the other is form Z and Z: 

(0|V«(£«; fcW) V,(e (2) ; *£>) V«(£ (3) ; ^ 3) )|0) 

= (0| : exp [ikjpX"] :: exp [ik^X"] (£ (2) ) :: exp [ik^X"] (^) : |0> 

x(0\Vi~\^)V^k^)Vy\e ) )\0) • (B.l) 
The propagator (|2.4j) leads us to find that the former piece becomes |23|] || 

(0| : exp [ik^X*] : : exp [ik^X^] (£< 2 >) :: exp [ik®X»] (£< 3 >) : |0> (B.2) 



n *?>+*?>) n 

,14=0 



( x (c) _ x W ) 2a'G-4 C) ^ ) ex P 



Kc<d<3 



Here we have introduced positive real variables x^ = — = e T c (c = 1,2,3). Since we 
have chosen x^ 1 ' = oo and x^ = 0, the latter piece on the r.h.s. of eq. (|B.l|) becomes 

(0\VtH-xW) v^- 4 2) ) K {+) (-^ (3) )|0) 



:(<r\( ai - v ) m '. exp [i (k^Z + k^Z)] 



0» 



(B.3) 



with x^ = oo and x^ = 0, where C(z/; k m ) is defined in eq. G3.12| ). Here we have used the 
defining relations (|3.2|) and applied the renormal ordering formula (|2.11 ) to the operator 



V^-x^; k$) = ( x my 2a ' GZZ ^ (2) expC (u; fcg)) § exp [i {k^Z + k^Z)] 



—x 



(B.4) 



Now that the operator s exp \i (k^Z + k^Z)^ (—x^) § is evaluated on the oscillator vac- 
uum \a), the fields Z and Z should be expanded as is described in eq.( [2.6|) and the normal 
ordering defined on \a) in |T3J be taken. Thus, by using the commutation relation ( |2.8| ), we 
obtain 



^z+^z)^^.] = g ^. x m.^ se <« (2) ^ (2) ^)(_ x (2) ) o ) (B5) 



where 



(2)^ 1+ %V(2) 



(x( 2 >) 



a' 4 



ZK V M/ Sill I 7TIS I 



2 e 



/MV (2) ) 



^x^ 2 )) = (x^) 1_ %K< 2 ^/~siii(7ri/) 



(B.6) 
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The commutation relations ( |B.5| ) and [ai-„, a_i+„] = ~(1 — v){= q) yield 
{a^ u ) m i exp [i (k^Z + k^Z)] (-x&>) § (a_ 1+ ,) n 



£ 

(=0 
m 

E 



m! n! 



<f ' (a_i+„ - /)' (g + 



Z!(n-Z)!(Z + m-n)! 



m! n! 



m— n+2 



fm > n) 



From this we find that 



Z!(m-Z)!(Z + n-m)! 



q m - 1 (3_ a+ „ - ( 5 + ai ^) L (m < n) 



■ (B.7) 



H (ai_„) m g exp [i (k {2) Z + k {2) Z)] (-x (2) ) 8 (a_i+„) n |cr> 



' n! g n # m - n 4 m " n) (^y 



m!g m^_^n-m L (n-m) 



(m > n) 



m < n 



(B.8) 



where L^\x) is the Laguerre polynomial (|3.11|) . Substituting eqs.( [B.2| ), ( [B.3Q and (|B.8| 
into eq. (|B.l|) and using the on-shell conditions, we obtain the three point amplitude (|3.8|) . 



C Calculation of Af uge 



In this appendix we provide the steps to obtain eq.( |3.17|) . 

Introducing a parameter a, we rewrite the vertex operator into the following form p 



V A (£; k M ; Cm) = ^ : exp [z (k M X M + a( M X M ) ( < ) : 



a=0 



9a 



exp 



:: exp 



i ( + /«Z + aeZ + aeZ ) 



, (CI) 



a=0 



where e and e are defined in eq. ( |3.20| ). As was done in the appendix [B], we divide the 
correlation function in the integrand on the r.h.s. in eq.( p.l6|) into two pieces; the contribution 
from X^ (n — 0, . . . ,p) and that from Z and Z: 



<0|vW(e«; m V A (Z {2) ; j Cm) V«(£<»; ^ 3) )|0) 



da 



<0| : exp (£ (1) ) : : exp \i (k^X» + a^)] (£< 2 >) : : exp (ik^X») (£< 3 >) : |0> 



exp 



k®Z + k {2) Z + aeZ + aet)] (£ (2) ) : K (+) (£ (3) ) |0> 



a=0 



(C.2) 



The former piece in eq. ( |C.2j ) becomes || 123[ |24[] [^5 



(0| : exp (fcW^) (-x (1) ) : : exp \i (k^X" + a^X^ 1 )] {-x {2) ) : : exp (ik®X") (-x (3) ) : |0) 
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x exp 



l<c<d<3 



(C.3) 



\ a^ 1 ) — x( 2 ) x^ — 
Sending — > oo and a;® — > 0, we find that the latter piece in eq. (|U.2|) takes the form of 



{0\V t { -\-x w ) :exp i (k^Z + T&Z + aeZ + aez) (-x (2) ) : V^ + \-x {3) ) |0) 



(l)^-(2m+i/)(l-!/) ^ x (2)y2a'G zz reC 2 )/^ 2 ) 



x exp 
x(a\(ai 



C(u;k^) + 2a'G 



zz 



(2), 



(2) 



+ a ee 



2(x( 2 )) 2 



.„) m sexp 



k (2) Z + k (2) Z + aeZ + aeZ") 



(-x^)l (a_i+„)» , (C.4) 



with a;W = oo and x^ = 0. Here we have applied the renormal ordering formula ( |2.11|) to 
the gauge field vertex operator. In a similar way to the calculation of eq.( |B.8] ), we obtain 



(a\(ai- 



u) m sexp 



l K 



S 2) Z + k (2) Z + a(eZ + eZ) 



n! g^-^Lja-n) 



fg 



m! g m (-/) n - m L^ m) 



fg 



(m > n) 



m < n 



(C.5) 



where 



f(v-x^-^-e) = 



x 



(2) 



a' A 



2 e 



sin 7T1S 



a rrr — > W sm(7rz/) . 

X( 2 ) J V 2 £ K J 



(C.6) 



Plugging eqs.( |C.3| ), ( |C.4| ) and ( |C5| ) into eq.( |3.16| ) and using the physical state conditions 
and the relation for the Laguerre polynomial 



i^:\x) = -Lt\ l \x) 



(C.7) 



we obtain eq. (|3.17|) . 



D Calculation of A3 

In this appendix we give the steps to obtain eq. (|4.10|) . 
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Introducing a Grassmann parameter rj, we write the vertex operator Va(£, 9] Cm) in 



an exponential form |25j [ 

V a (£,0;/cm;Cm) = 



dr, : exp ( i\/jk M X M + l -T]( M ± M ) (£, 



(D.l) 



r//,:<>xp( ^/|^ + ^C,X" 



:: exp 



— (kZ + «Z) + -rj ( eZ + eZ 



In a similar way to eq. (|C.2| ), we factorize the correlation function in the integrand on the 
r.h.s. in eq. (|4.9|) into two pieces; the piece depending on X M (// = 0, . . . ,p) and that on Z 
and Z. 

First we consider the former piece, namely the factor which depends on X p . We further 
divide this factor into the contribution from the bosonic coordinates and that from the 
worldsheet fermions. The bosonic contribution is the same as eq.( |C.3| ) with the replacement 



/2a 7 



The fermionic contribution becomes 



: I C W ( ^ + ^ )( _ x (D )::exp 



—x 



(2)> 



x:-Ci 2) (^ + ^)(-^ (2) ):|0) 

c<V (2) + W ^(^«c a) )(c w «c w ) - (*%c<»)(c%c«) 



— x^ 



( X W - X (2))( x (2) _ x (3)) 



(D.2) 



Combining the results in the bosonic and the fermionic sectors and using the polarization 
conditions for (a = 1,2,3), we find that the contribution from X M to the correlation 
function in eq.(fO|) is 



^=0 l<c<<2<3 L 

C (3) ,;,C (1) (C (3) ( - ) C (1) )G'^(K( 2 )e( 2 )+7€( 2 )e( 2 ) 



X 



(p) 



r/^ 2 )\/2^ 

• C (1) KC° 



sW-iP) ' (xW -x( 3 ))(x« -x( 2 )) 

(^ (2 \;,C (1) )(C (2) ^C {3) ) - (^ (2) {p) C (3) )(C (1) r ;,C (2) ) + (^ (3) ^C (2) )(C (3) ^C (1) )i 



(p) 



(p) 



(iW-x( 2 ))(x( 2 )-x( 3 )) 



(D.3) 



Next we consider the remaining piece, namely the factor which depends on Z and Z, in 
the correlation function in eq.( [4.9|) . Sending x^ 1 ' — > oo and x*- 3 - 1 — > 0, we find that this piece 
takes the form of 



exp 



[x 



(2) 



> 2) ): 



19 



x^ + '-^(-^)|0) 



x 



(2) 



x(a, s|(«i_ i ,) m 6 i _ ; ,gexp 



-x 



(2) 



x(a-i+u) n b_i +u \(T, s), 



(DA) 



with x^ = oo and x^ = 0. Here we have used the renormal ordering formula fl2.11|) . The 
contribution from the bosonic coordinates Z and Z to the correlation function on the r.h.s. 



in eq. (|D.4j ) has the form of eq. (|C.5| ) with the parameter a replaced with ^j==. By using the 



commutation relation (|2.q ), we find that the contribution from the fermionic coordinates 
becomes 



[s\bi_ u ° exp 



7/0< 2 ) 2a'G zz (K( 2 )e( 2 )-^ 2 ) e ( 2 )) 



'la' 



x 



(2) 



(D.5) 



Gathering all the results obtained above and using the physical state conditions, we 
obtain the three point amplitude (|4.10|) . 
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